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Abstract 

The Marchenko phase-equivalent transformation of the Schrodinger equation for two 
coupled channels is discussed. The combination of the Marchenko transformations valid 
in the Bargmann potential case is suggested. 

Introduction 

Let the scattering data fit the necessary and sufficient conditions (see, e.g. pP) of the existence 
of the solutions of the Marchenko equation 

oo 

lC a p(r, r') + Q aP {r, r') + J K aj (r, t) Q 10 {t, r')dt = 0, 

, oo (1) 
Q*p{r, r') = ^ J dk[5 a ^S a p}e ik ^ +r ^+A a A l3 e-^ r + r '\ a, (3 = 1,2. 



Then the elements of resulting potential matrix 

i 

dx 



[V {x)] ap = -2—lC a p{x,x) (2) 



for some e (0 < e < 1) satisfy the condition [2]: 

[V {x)] al3 dx<oo {-s<e<e). (3) 



x 1+6 



The purpose of the work is to construct the potential © which describes the interaction in a 
system of two coupled channels of the angular momenta £i = and £2 = 2 starting from the 
Bargmann potential @. 

The transformations of the coupled Schrodinger equation 

* "-V (a:)«'o + fc 2 * = 0, (4) 

into 



(Vx(z) + 



%v) * 1 + fc 2 * 1 = o, r=[l \) 



have been detailed in the book |5] , where the matrix phase-equivalent transformations (MPET) 
associated with the scattering data of the three different types have been suggested. The 
conditions pQ corresponds to the case a) in chapter VII of 2 , however the method of chapter 
VIII in Ref. j2j) cannot be used in our case, since generally the necessary condition for its 
implementation 

[JP(0)] 21 = 0, (6) 

where F(k) is the Jost matrix 

00 

[T(k)] ap =l + J JCap(0, t)e ikt dt, 1= ( J J ) , (7) 


does not hold. As a consequence Vi(x) has the singularity x~ 2 at the origin or at infinity. 

Below are given the auxiliary (direct and inverse) Marchenko transformations which in 
combination with MPET furnish the potential which is regular at the origin and decreases at 
infinity faster than x~ 2 . 
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Bargmann potential properties 

We proceed from the assumption that the elements of the potential matrix (J2J) differ from zero 
at the origin: 

[Vo(0)] Qi ^O. (8) 

In that case it can been shown that the regular solution Go(x, k) of Eq. (@J has the behavior 
near the origin: 

(x + A x 3 + o(x 3 ) vx 3 + o(x 3 ) \ 
3 < 3^ a , aj' {x ~* ° } ' (9) 

vx 3 +o{x 3 ) x + [ix 3 + o(x 3 ) / 

where 

[Vo(0)]ii-fc 2 [Vo(0)] 2 2-fc 2 _ [Vo(0)li 2 ( 

6 ' M 6 6 1 ' 

The asymptotic behavior of Go(x, icr), cr > is given by the following expression 2 : 

Go -> ^^H, (<r> 0); eo^x^W + o^ 1 - 6 ), (a = 0), (11) 
z cr 

where tilde denotes transposition. 
In the following, the functions 

y {x) = Go{x, ia) P, a > 0, Z (x) = Go(x, 0) V (12) 

are used. We also will keep track of the bound state wave function $o(x) = ^o(x, in), k > 0: 

(Ui x + U2 x 3 + o(x 3 ) \ 
, (s-0), (13) 
ui x + 1)2 # + o(x ) / 

*<>(*) ^ y (x~>oo) (14) 

transformations. 

First transformation 

The intent of this transformation is to obtain the Jost function that satisfies the condition (0 . 
Here, the matrix-function 

X 

yi = y Ji\ Ji=i+ J y (t) dm*) dt (15) 



is constructed in such a way that the matrix 

fc) = *o(x, *) + 3>i (x)w{5^(x), * (as, *)} (T' + fc 2 )" 1 , (fe 7^ icr ) (16) 
obeys the Schrodinger equation 

*i" - Vi(x)*i +/c 2 ^i = (17) 
with the transformed potential V\(x): 

Vx(x) = V (x)-2 [yi(x)y {x)\' . (18) 

Here, w{x(x), y{x)\ denotes the Wronskian: w{x, y\=Xy'- X'y. 
The asymptotic behavior of the functions J^o and yi(x) 0: 

y Q ^e^CV, C=±?(io), (19) 

z cr 



y 1 ^2as- 1 e- ax CV, sV = PCCV, 
provides the modification of the initial S matrix and Jost matrix [2]: 

S(k) = T(k) S(k) T(k), F(k) = T{k) T(k), 

where 

T{k) =1 -2a(a + ik)- 1 S - 1 CVC. 
The parameter a value is defined by the expression: 

[•F(0)T(0)] ai =0, 

that is equivalent to 

C 2 - 2C0C -1 = 0, 

where ((a) = T 22 (ia) / T 2 i(ia) , Co = C(0). 

The solution Z\{x) of Eq. (|17|l asymptotic behavior is given by the expression: 



ZAx)^ [ T(0) xl + o(x L -°))V, (x->oo). 

\l J 22 / 

One can see from the regular solution $o(x, k) of Eq. (0J transformation 

X 

$i(a;, k) = $ (x, k) - y x {x) [ y (t) $ (t, k) dt 



that &o(x, k) and $i(x, k) have the same behavior at the origin and Vi(0) = Vo(0). 



Second transformation 

Now that the Jost function F{k) meets the condition 



^ = 0, MPET may be 



mented to Eq. H17[) . Here, the solution Z\[x) of Eq. Ijl7|l and matrix-function 

X 

z 2 = z l j 2 -\ J 2 =l-V- \%{t) Z^t) dt 



are used for the transformation construction [5J: 

9 2 (x, k) = k) - Z 2 (x) W {zl(x), 9i(x, *)} 

^2{x, k) obeys the equation 

* 2 " - \V 2 (x) + * 2 + k 2 ^ 2 = 0, 



' 6 



with the potential: 

V 2 {x) =Vx{x) +2\z 2 {x)Z 1 {x) 
The behavior of Q 2 (x) and y 2 (x) a ^ t ne origin: 
U\X + u 2 a; 3 + o(x 3 ) 
v 2 x 3 + o(x 3 ) 



* 2 (a:) 



, 3^2 (l) 



■ T 5 . 

a;" 

o(a; 3 ) 
fi'x 3 + o(x 3 ) 



can be deduced from the regular solution transformation formula 

X 

$2 (z, fc) = $i (x, fc) + Z 2 (x) / Zi (t) $1 (t, k) dt. 



Reference to Eq. (|2*T|l shows that 



-3u + o(l) 
Z-A.r) = \ 3 



- 



? rO(l) 



(x -> 0), 



(33) 



so that the second term in the right-hand side of l|30j) reads 

-18v 2 x 2 + o(x 2 ) -6u + o(x) 



Z 2 (x) Zi(x) 



-6 v + o{x) 



O(l) 



(a; - 0). 



(34) 



From 134(1 it follows that V 2 (x) is regular at the origin and [V2(0)] 12 = 0. 
Z2(x) behaves at infinity like 2 



Z 2 (x) 



-3 



.F(O) x-' z J + o(x- 2 - 9 )) V, (a-foo). 



It follows from igSJl and that |2] 



22(1)^1 (a:) 



■^I + o(^ 9 )| (a:->oo). 



(35) 



(36) 



One can see from (|29[) . <|30|) . I|34|) and l|36[l that MPET increases the second channel angular 
momentum to 2. 

Third transformation 

Consider the following transformation: 

*3(s, fc) = * 2 (z, k) + y 3 {x) W {y 2 (x), * (x, k)} {a 2 + k 2 )-\ 



V 3 (x) = V 2 (x) 



where 



y 3 = y-i jr 1 , j 3 = i-v 



y2(t)y 2 {t)dt. 



(37) 



(38) 



From theorem 6.2.1 in the book 2 it follows that this transformation is asymptotically inverse 
of the first one, since y 3 (x) = —yo( x ) an d —J 3 (x) = J± (x) at infinity. 

Notice that the condition J2J is not affected by each of the three transformations. 

Other angular momenta 

Note that the regular solution G 3 (x) of 



V 3 {x) + \v\ a 3 = 



(39) 



then can be used to equally increase the angular momenta in both channels. Indeed, MPET 
corresponding to the transformations [3], can be written in the forms: 



* 4 (*, x) = -k~% l {x) W {g 3 (x), * 3 (fc, 1)} , 
V 4 (x) = V 3 (x) - 2 [ftT^aOft'fc)]'; 
a:) = *s(fc, s) + fc- 2 *(r) py {^(a;), * 3 (fc, r)} 
Vi{x) =V 3 {x) -2\x(x)g 3 {x)]' , 



(40) 



(41) 



where 

-l 

(42) 

MPET l (4"Dt and l(4*T|) increase each of £i, £2 by 1 and 2, correspondingly, provided that Q 3 ^ 1 {x) 
and X(x) exist. 

Example 

As an example the potential is calculated corresponding the simplest S matrix coupling S and 
D states 0: 




Notice that the transformation Vo — > V3 have been carried out using MPET, i. e. the 
solution ^(x, k), (k > 0) has asymptotic behavior identical to that of ^o(x, k): 

y a (x,k)^^{e-' lkx I-e ikx S}, (x-voo). (44) 

Thus in order that the asymptotic properties of ^(x, k) correspond to the potential V3 H]: 

* 3 (x, k) -> 1 - e ^ c { e - ikx l-e-' mC e lkx S}, (x -f 00), (45) 

where 
the matrix 

5 = 6-^^6^^ (47) 

must be used as S matrix in the Marchenko equations (JTJ. In this instance (|43(l is used as 
<S, since, for example, all values — i Res S a , (k) are negative and hence the corresponding 

asymptotic normalization constants A\, A2 are positive. 

For the parameters x = 0-26 jmT 1 , 4> = 0.944 fmT 1 and k = 0.232 /m _1 [5] Eq. pi)l 
gives cr = 0.2053483144 /m _1 . The initial Bargmann potentials [Vo(a;)] Q , o and resulting ones 
[V3(x)] Q p are presented in Figures ITTH bv dotted and solid lines correspondingly. Figures 0] 
exhibit the S and D components of the bound state (with the energy —k 2 ) wave functions: 
$o(x) (dotted line), $3(2;) (solid line). Note that $3(x) in the interior domain may be modified 
by, for example, the multichannel phase-equivalent transformation (i . The asymptotic forms 
of $o(x) and &3(x) D components are represented by dotted and solid lines in Fig. [S] 
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Figure 2: 
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Figure 3: 
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Figure 4: 
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